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Application of Quaternions to Projective Geometry. 

By 0. H. Chapman. 



Introduction. 



In the following article I employ Hamilton's complex numbers* of the type 
xi -\- yj -\- zh. The real or complex quantities x, y, z are interpreted as the 
trilinear coordinates of a point in the plane of the triangle of reference. The 
properties of i, j and h\ are utilized, but their possible and usual geometrical 
interpretation as directed lines in space of three dimensions is, for the present, left 
aside. The number p = xi + yj + zh is spoken of as the affix of the point of 
which x, y, z are the trilinear coordinates; or, dualistically, a = ai + bj + ck 
is the affix of the line of which a, b, c are the coordinates. 

The point equation of a line is Sap = ; here a is the affix of the line and p 
varies ; but if p is constant and a varies, we obtain the pencil of lines through 
the point p. In that case Sap = is the equation of the point p. The equation 
of a line through the points a and ft is 

S.pVaft = or S.paft = 0; 

but this may also be interpreted as the equation of the point of intersection of 
the lines whose affixes are a and ft . 

The homogeneous equation of the second degree in three variables takes 
the form g^ = , 

4» being the self-conjugate linear and vector function whose matrix is 

(a h g) 
h b f 

g f o 

f Hankel, Complexe Zahlensysteme, p. 141, t Tait's Quaternions, p. 86, 
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Starting from this, I show that the tangential equation of the conies is 

which, for a pair of lines, becomes simply 

ti being the affix of their point of intersection. 

The relation of pole and polar is expressed by $ ; if a is the affix of the pole, 
then $a is the affix of the polar. Conversely, given the polar, we pass to the 
pole by operating with ^f" 1 . 

In case the matrix has one latent root equal to zero, the conic breaks up 
and jr 1 is indeterminate while <jb is not. We can therefore pass from the pole 
to the polar, but not from polar to pole when the conic is a pair of lines. 

In this new field, quite as much as in the more familiar ones, the calculus 
of quaternions shows its power by going directly to the result without analytical 
artifice, and by producing very simple formulas whose interpretation is intuitive. 
Especial attention might be called to the fact that the reciprocal polar relation 
is emphasized by the appearance of 4> -1 in the tangential equation. 

In Part 4 the method is extended to plane cubics, and there is nothing to 
hinder its application to curves in general, as I hope to show in a future paper. 

Constant references are made to Tait's Quaternions for formulas, sometimes 
perhaps of a too elementary character to need reference. The second edition is 
used. 

I. — EquMiM of the Right 
A 
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Consider a triangle ABO and a point P in its plane. Prom P let fall the 
perpendiculars PL, PM, PN on the sides of the triangle. There is no other point 
in the plane from which all the perpendiculars on the sides of the triangle will 
have the same lengths in the same order as those from P. Three perpendicu- 
lars chosen and arranged arbitrarily will not in general attach themselves in this 
way to any point, for the ends of any pair of them may be brought together, but 
the third one will then be found too short or too long. In fact the third is 
known when any two are given by virtue of the relation 

P\a + pj> +psp = iK, (1) 

Pit Pz> Ps being the perpendiculars on the sides a, b, c, and K being the area of 
the triangle. 

Ea*ch point in the plane has one set of perpendiculars attached to it, and no 
two* points have the same set ; but put 

V\ — lPi> Pz — m Pz< Ps = np' s , n, 

whe*re I,, m, n are any constants whatever, and make 

at— A, bm = B, cn=0, 
the relation (1) becomes 

P {A+piB + p>C=2K, 

and we conclude that there is a set of three numbers, proportional to arbitrary 
multiples of the perpendiculars on the sides of the triangle, attached to each 
point, and that no two points have the same set. 

Let Hamilton's units, i,j, k, be attached as marks of distinction to distances 
measured along Pi, PM, PN respectively ; and let the perpendiculars from P, 
or fixed arbitrary multiples of them, be denoted by x, y, z; then the complex 
number xi + yj -f zk will be associated with the point P in such a way that 
when P is known the number is known, and conversely. The number 
** + yj + zk will be called the affix of the point P. 

Numbers of this kind enjoy all the mathematical properties of vectors.* only 
the formulas obtained with them will now bear a new geometrical interpreta- 
tion. They will be denoted, as is customary with vectors^ by Greek letters? 

* Hankel, Complaxe ZahlensyStremo, 342. 
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If three points lie on a line, their affixes are connected by a linear homo- 
geneous relation. 

B 




Let P and Q be the points lying on the line AB, and let the i-components 
of the affixes of A, P, Q be a,p, q respectively. We have from the figure 
p — a 



AP X 

= — , say ; whence (ip ■ 
I 1 



— « q — — , oay , w iicju^c pjj — "kq + (h — (i) a = . The same relation 

holds for the j and h components of the affixes of A, P, Q and hence for the 
affixes themselves. Conversely, if the affixes of three points are connected by a 
linear homogeneous relation, the points lie on a line. 

Let a + mft + ny = be the relations between the affixes a, ft, y; we have 



only to make 



V 



= m, — 



— — n; thus a point is determined on the line 
a + mft 



n 



through a and ft whose affix is y = 

Operating with V.fty and taking scalars, we deduce from the relation 

a + mft + ny = 

the quaternion form S.a(3y = , 



(1) 



which is therefore the necessary and sufficient condition that a, ft , y lie on a line- 
Since the relation 

(a + kft) — a — hft = 

is satisfied whatever k may be, we conclude that the point a + Xft always lies on 
the line through a and ft ; and as a, varies through all real values, it represents 
successively all the points on the line. 

The points a, ft, y lie on a line so long as (1) is satisfied • hence if 

S.pVaft=0 = S.paft, 
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the locus of p is the straight line through a and /? . Similarly, if Va@ varies 
subject to (1), we shall have the equation of the straight line in the form 

S.ap=0. (2) 

This line is the locus of all points y given by the equation 

y = x Voa , (3) 

where x and a may have any values, x being a scalar. We conclude from (2) 
that V.a(3 is the affix of the intersection of the lines S.ap =0, S.{3p = 0. 
The equations of the sides of the triangle of reference are 

Sip=0, Sjp=0, Skp=0. 

These equations are found by noting that the affix of the vertex B is pj; of G, 
qh; hence the equation of BG is S.pVjk = 0; but Vjk =jk= i. 

2. — Transformation of Affixes. 

Let p be the affix of a point referred to a certain triangle ; its affix referred 
to a triangle having Si, S it S s for the affixes of its vertices is required. We have 

pSSiS$S 3 = SiSpS t S 3 + SiSpSiS s + S s SpS 2 Si. 

Now S.pSgS s , p being any point, is proportional to the perpendicular from the 
point p on the line through S% and S s . We may therefore write 

p = XS 1 +YS i + ZS s , 

where X, Y, Z are, for all points, proportional to the perpendiculars on the 
sides of the new triangle. Further than this, if S x = ai + bj + ck, then 

r h T- - 1 • 

LVa 2 + b % + c 8 J 



so that, by including vV + b % + <? and the corresponding factors for S % and ^j in 

X, Y, Z, we may write 

p = Xa+ Y(3 + Zy, 

where a 2 = /3 8 = y 2 = — 1 ; although in general the system a , /?, y has not the 
properties of i, j ', h. We shall have afi = — (3a if S. a(3 = , and not otherwise ; 
in case then a 2 = |3 2 = y 2 = — 1, and a/? = — /3a, ay = — ya, @y= — yft, 
we shall also have afi = y, @y = a , ya = (3 . The proof is just the same as it 
would be if a, S, y represented a set of rectangular unit vectors. Such a system 



120 Chapman : Application of Quaternions to Projective Geometry. 

of affixes may he called orthogonal. The affixes determined by the equation 

(4>-0)p = O 

form an orthogonal system if $p is a self-conjugate* function linear in p. 

We may also effect a linear transformation by writing p== ty 1 , where .4- is a, 
matrix of order three. 

3. — Projective Geometry of Conies. 

The homogeneous equation of the conies 

ax z + by 9 + cz* + 2hxy + 2/yz + 2gzx = (1) 

may be written in the form 

S.p^>o-0, (2) 

where p = xi -f- yj -+- zjc and $>p = (- a Ji g \xi + yj + $$) • 

h b f 
9 f o 

Let t and a be the affixes of two points ; any point on the line joining them 
has for its affix t + %o, A, being a scalar. Substituting this for p in (2) we shall 
obtain for X the quadratic 

S(v + A<y) <?> (t + 7,a) — 0, 

or S. <tqn + %S. (o<pf + r$a) + tfS. otya = . 

But since q> is self-conjugate, this may be written 

tfS.atya + 21S. a^n + S. t^t = . (3) 

If the point t be taken fixed and a variable, then 

S.atyt = (4) 

is the equation of a line, the polar line of r with respect to the conic. This 
equation is symmetrical in and t, as it should be. 

Let S.aa~ be the equation of a polar line ; then ty~ l a is the affix of its 
pole. Now we know that 

mqr l a = (n^ — m$ + Q?) a; f (5) 

hence $> -1 „a can always be determined unless m = 0; but m is the determinant 

a h g 

h b f 

9 / e 

**Tait, p. 90. tTait, p. 83. 
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In case this determinant vanishes, the pole of the given line cannot be deter- 
mined. 

If the point t lies on its own polar, it must satisfy equation (4), which 
becomes S.tfyr = 0; hence * also satisfies equation (2) and lies on the curve. 

We had above t == 4> -1 a; hence S.tqrt = #.a(?> -1 a = 0. The condition 

/S r .a^)- 1 a = (6) 

being satisfied by the affixes of lines tangent to the conic, is the tangential equa- 
tion of the conic. 

We see that if t is the affix of the pole, then <pv is the affix of the polar ; and 
when m = , we can determine t so that it shall satisfy the relation 

$*! = (>. (7) 

This requires a nullity of order 1 in the matrix <p; in other words, one latent 
root of ty is zero.* 

In this case it makes no difference what line in the plane is the locus of a , 
we shall always have 

so that any line may be taken for the polar of this exceptional point t x . 
Let o be any other point ; its polar is given by 

S.ottyp = 0, 

but this is satisfied when p = T 1 , hence the polar lines of all points pass through r v . 
We may write the equation of the polar of o in the form 

£.p4><3=0, (8) 

which is equally satisfied if we replace a by a-\-xt±. Prom this we conclude 
that any point on the line joining a and t x may be taken as the pole of the 
line (8). 

The hypothesis still being that m = , let a be a point on the curve ; any 
point on the line through * x and a is tx + xa. Let this be substituted in 
S. p<?>p = . We obtain 

S. (*i + xa) 4» fa + xa) = S.Vxfyti + 2x,S , .a4>T' 1 + aFS.afya; 
an expression in which every, term vanishes. Hence the line joining r x to any 
point on the curve forms part of the curve. 

*Taber, Am. Journ. Math., Vol. XII, p. 862. 
12 
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To determine the vector t x which satisfies equation (7), we recall that 
m = — S.tyityjtyk, if i, j , h be taken for a fundamental system.* Hence in this 

case S. $i$j$k = S.i$ V. fyjfyk = . 

We have in all cases 

S.j<l>V.<i>j<pJc=o, 

S.lc<pV.q>jq>h= 0. 

Hence for any vector whatever p, we have 

S.p$V.<pj<pk=0, 

from which we must conclude that 

<£ V. <pj$k = , 
and finally that <t x = x V. fyjfyh . (10) 

We might show just as well that r — xV.QJcfyi, or xV.<pi<pj; hence, since the scalar 
equations for t x are linear in the variables and it can therefore have only one 
value, we conclude that V. tyjtyk = t x V. q>k<pi = t % V. tyityj . 

Let us now expand V.tyjtyk in terms of i,j, k; assume 

x V.tyfyk = i + yj + zk, 

a relation which must hold for some system of values of x, y, z. Operating 
with <£>, we obtain the relation 

¥• + y$j + z # = ° > 

whence Jr ^., 7 T r^-^j 1 

y V.tyjtyk = — V. q>t<bk, or y = — 

h 

and T7- . 7 . . -rr a . . 1 

z V.(pk<pj = — v.tyityj , or z = —r - • 

xV.qy$k = » + -T-/+ -r-& = CCTj. (11) 

n % 

In general, we may write for any vector a, 

S.tyityjtyk.a = tyiS.atyjtyk + tyjS.atykfyi + fykS.afyifyj. 
But S.qri<pjq>k = — m , 

hence, operating with <j> -1 , 

— m<^ -1 a = ijS.atfyftyk -\-jS.a$iktyi + kS.atyityj. 

*Tait, p. 81. 
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From this we find 

— rnS.aqr^a = S.aiS.afyjfyk +S. aj S . atyhfyi + S.akS.atyityj . 
Now if m = , we may replace V<pj<pk by <t x and we obtain the relation 



or 



S.a*! (S.ai + — S.aj+ -7-S.akj = 0, 
S.afiS.a (i + -j- 3 + T~ &) = °> 



or finally (£.a<ri) 2 = 0, by aid of (11). 

This is the form assumed by the tangential equation when the conic breaks 
up into a pair of lines. It is the equation of the point t x squared. 

No line can be tangent to this conic unless it passes through t^, now the 
affix of any line may be written in the form 

ahy + b\ + cTi , (12) 

where 8 X and 8% are the other two affixes determined by the equation (<p — g) p = . 
These affixes form an orthogonal system.* Substituting (12) in the equation of 
the point ij , we obtain 

S.*! (a8i + b8 2 + cTi) = , 
or c<r\ = , 

whence, unless t? = 0, we conclude that c = 0. Any line therefore will be tan- 
gent to the pair of lines if its affix is a linear function of § x and 5 3 only. 

The curve S.p^p — pS % . pfya = 

is a conic touching the conic S. p^p = . It passes through the point a, if 

p = -jy — — - , and its equation then becomes 
* o.atya u 

S.afyaSpfy — S z .p$a = 0. (13) 

The points of contact are on the line S.p$a = 0, which is the polar of a. Now 
we may write equation (13) in the form S.p \jppS.a(pa — $aS.p(pa~\ = 0; where 
the expression in the brackets is on its face a self-conjugate linear function of p. 
To compute for it the quantity m , we may choose a , 4>a and V. a<pa for a system 

*Tait, p. 89. 
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of independent affixes; then designating the function by ^, we shall have 

S. a^oc F.a<£>a 

but ^a = $aiS.a<pa — <paS.a<pcx = ; hence for ^ the quantity m vanishes. We 
conclude that the conic represented by (13) is a pair of lines, the tangents from 
a to the conic. 

The polar lines of the points whose affixes are a, (3, y are S.a^)a = 0, 
S.a$[i = 0, S.O(py = 0; and if each point lies on the polars of the other two, we 
have in addition 

S.[3$a= S.0$y = O; S.aQp = S.atpy= 0; S. y$a = 8. y$(3 = . (14) 
The points a, /?, y are now the vertices of a polar triangle, and if we write 

p = 7 - fT au N , -f , a „ m , + /C1 *V — rr , then the equation of the conic S.q$q = 

takes the form 

*\(S.a<pa) i+ (S.(3<pl3? + {S.y^yf) * \{S.a<pa)^ (S.foP)* ^ (fl.y*y)V * 

or a 8 + # 2 + a 8 = . (15) 

Let $.p4>p = and S.p^p = represent two conies. The polar of a point a 
referred to each respectively will be given by 8.G$a= 0, S.a-^a=0. These 
equations will represent the same line if, and only if, 

(pa = xtyd\ whence <x = as^ftya, 

or a= — ^r l q>a-, since if a satisfies one of these equations it must also satisfy 

the other. There are three points, then, which have the same polar lines with 
respect to the two conies. Their affixes are given as the roots of 

(^-ty — a;)a=0, 

and they form a polar triangle common to the two conies. For let h x , $ 2 , h 3 be 
the roots of (^rty — sc)a = 0, and \, h z , h 3 , supposed all different, the corre- 
sponding scalars ; so that 4> _1 4^i = Mi» ty~ ln b\ — ^A> noting that <4>b\ = \$$i, 
we have now S.<p~ tyS^i — A A&<VA . But S.qr ^h-fpb'i = \S. $ 2 ^i = J^S.8^2 
= hiS.S^, since 4^ = h$8 2 . We have then hJi 2 S.o^i = J%SA<P$i, whence we 
conclude that since ^ and h % are different, S. h$hi must vanish. Hence <$ 2 is on 
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the polar of 5 X . The same is true of B 3 . In this way the triangle is seen to be 
a polar triangle. If the equation S.p<pp = referred to this triangle becomes 

a a + 2/ 3 + s 2 =0, 
then /S.p^p = becomes 

x i S.a^a + y i S.(3^l3 + z 2 S.y4,y = 0. (16) 

Let a and (3 be the affixes of any two lines ; a line through their intersec- 
tion has the affix a + X/3. Substituting this in the tangential equation of the 
conic /Sa4> -1 a = , we obtain 

S.(a + %(3) QT 1 (a + %(3) = ; 
that is, S. a<?>- l a + 2hS.p$~ x a + VS. (3f~ \8 = . (17) 

If %i, X 2 are the roots of this equation, then 

a + bfi, a + %$ (18) 

are the affixes of the tangents to the conic through the intersection of the lines 
S.ap =0, S.fip = 0. The lines (18) form a harmonic pencil with a and /3 if 

/8 , ./8$- 1 a = 0; (19) 

that is, if @ is the affix of lines passing through the pole of a. For we know 
that qr x a is the affix of the pole when a is the affix of the polar. In fact (19) 
is the equation of the pole of a. If S.ap = passes through its own pole, we 
must have S .aty^a = 0, which means of course that a is tangent to the conic. 

Let S.ptyp = and S.p^p = be any two conies which do not break up. The 
conic S.p($> — foj/) p = 0, (20), passes through their points of intersection. For 
the function <£> — /l4s which is self-conjugate, the quantity m has the value 
— &' [($ — JWO * (4> — ' W)j ($ — 'WO&J; hence, when m vanishes, h satisfies a 
cubic. There are then three values of % for which S.p($ — ;i4)p = breaks 
up into a pair of lines. The double points on these pairs are the vertices of a 
polar triangle common to all conies of the system (20). For, if 

S.p ($ — \$) p = and S.p (<p — \4>) p = 

are any two conies of the system, the affix a of a vertex of their common polar 
triangle is given by the equation (<£> — %$) a = x ($ — \$)a, which is possible in 
general only if <pa = g^a; that is, the polar triangle common to any two conies of 
the system is the one common to S.p<pp = and S.p4>p = . But the equation may 
also subsist if (<p — X^) a = , (<£> — a,^) a = ; that is, if each of the two conies 
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breaks up into a pair of lines which intersect at a. Hence the three values 
of a, for which S.p(<p — ^)p=0 breaks up, are the values of a; for which 
<£>a = ar^a ; and the double points on the lines are the vertices of the polar 
triangle common to the whole system. Hence these " double points have the 
affixes b\, S z , 8 3 which satisfy the equation 

pa = x^a , 
and are such that i^i = h^n 4^2 = h$$2> 4^3 = ^3^3. and the three values of 
^ are j- , j- , -j- respectively. 

When the conies are referred to 8 lt S z , S 3 as a triangle of reference, their 

equations become 

atS.bip&x + tfS.StfS, + fS.StfSs = 0,1 (21) 

x 2 S.Wi + fS.8^ + z"SM8 3 =oJ 

Kemembering that 4^i = Th/P^u etc -> the second of equations (21) becomes 

Now, including S.b\<p6\, S.S^, S.8<jtp8 s in « 2 > 2/ a . » 2 respectively, their final 
form is rf + y % + z * =0> 

htf* + % 2 + h 3 z* = . 
These equations may be easily solved for the intersections of the two conies. 

There is an interesting correspondence, which this treatment brings into 
prominence, between polar triangles in a conic, and systems of conjugate diame- 
ters in central surfaces of the second order. If the equation of two surfaces be 
#.p$p = 1 and S.p4>p=- 1, a system of diameters conjugate in both is given as 
the roots ofqrtyp = xp, which is also the equation that determines the vertices 
of the polar triangle common to the conies #.p<?>p = and ^.p^p = 0.* 



If we write 



4. — Plane Cubics. 

— s =aji + bj + <hh 

— n = b x i + & 2 y + eje 

— y=cii+ c 2 j + c 3 h 

— (3=b. z i + b 3 j + eje 

— $ = c 2 i + cj + cjc 

— K—c 3 iAr c 5 / + cjc 



'Tait's Quaternions, Art. 269. 
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and o = pi + qj + rh, 

then the matrix 

( S.ep S.yp S.yp ) 

S.rip S.(3o 8.8p 

S.yp S.8p S.xp 

which may be denoted by $ p , has the following properties : 

1). $> p+ , = *,+$,. 

2) . S. afyP = S. (3%a = S. a<p a (3 . 

3). S.y$J3 — S.(3$ a y = S.afyy = S.afop-. 

4). $ a p=<p p a. 

5). djS.ppfl = 3iS.dp<p p p. 

The equation S.pq> p p=0 (1) 

represents a plane cubic in general form ; and if the content of 4> p be denoted 
by m p , then 

*n P =0 (2) 

is the equation of the Hessian of the cubic. The curves 1) and 2) intersect in 
nine points. Let a be one of the nine ; we have 

S.aq> a a=0 (3) 

and #j a = 0. (4) 

There is consequently a point * for which 

$«* = 0. (5) 

If t coincides with a, so that 

*.a = 0, (6) 

then a is a double point on the cubic. 

To show this, we observe that the points where the line joining /3 and 8 
cuts the cubic are given by writing in /3 + %8 the values of X which satisfy 

s. ((3 + a^Xft, + a$,)G3 + jtf) = o , 

or S-PQpP 4- MS.tyfP + ZVS.tyft + VJS.tyJ = 0. (7) 

If (3 = a and <£> a a = 0, two roots of this equation are equal to zero, whatever 
point 8 may be. Hence a is a double point. All three roots vanish if 8 lies on 
the conic S.8$ a 8 = 0. But when rn a =0 this conic breaks up into a pair of 
lines. If then 8 lies on either of these lines, the line joining a to 8 meets the 
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cubic at a in three coincident points ; but since 4> a a = 0, a is the double point 
on the conic. Hence the tangents to the cubic at a are the lines into which the 
conic #.p<2> a p breaks up. 

If not only tppfi = 0, but also $ a 5 =0, then equation (7) vanishes identically, 
and we conclude that the line joining /? and & forms part of the curve. If there 
are three double points given by the relations 

4> a a = 0, <pp(3 = 0, $ y y=0, 

we may write p = xa + y(5 + zy , and this value substituted in 

£.p4>„p = 

reduces the equation to 

xyz = 0. (8) 

Change & to p in equation (7) and we see without difficulty that the polar line 
of /? with respect to the cubic is given by 

tf.pfc/3 = (9) 

and the polar conic by 

S.tf># = 0, (10) 

while (9) also gives the polar of /? with respect to the conic (10). If /? is on the 
cubic, (9) gives the tangent at (3. The point p cannot traverse the loci (9) and 
(10) simultaneously unless the conic breaks up into two lines, one of which is 
the tangent to the cubic at /?. But if, (3 being on the cubic, equations (9) and 
(10) are satisfied, /3 is a point of inflection. It is the polar conies of points of 
inflection therefore which break up into right lines ; hence it is for points of 
inflection (3 that $„ has the property indicated by the equation 

$yr=0 
for some point t . 

Let /?!, (3 3 be two points of inflection, and t x , r 2 two numbers such that 

From the expression V. V.r^V.t^ we derive the equation 

PiS-*i**P> - *iS- Pi*>P» + &£■***!& - *»#•&*& =0. (11) 

which may be written 

Pi + yvi + *P» + w*% = 0, (12) 

where _ S.p&$ z _ _ S.*tf$\ . _ _ ff.-fr&fo 
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By multiplying (12) by ^ft and taking scalars, we find another value for z, 

It is seen immediately that the line joining any two points (3 lt /3 2 on the cubic 
cuts the curve again in the point 

ft = ft + sft. (13') 

a having the value (13). Taking /3 X and /? 2 points of inflection, let us find the 
effect of <p h upon /? : + vft % . We have 

$h (ft + «"») = ftSxft + *fy,ft + W$h*f 

But from (12), ^ft + g^ft + w^,*, = . 

Hence /? s possesses the characteristic property of a point of inflection and is such 

that fc,*8=0, 

where r 3 = (3i + vrt z = — y*\ — 2ft. (14) 

Upon the line joining fi x and /? 2 there can be no more than two points p 

such that <l> P p = pp, (15) 

where p is a scalar. For take p = ft + £ft, then (15) becomes 

$ ft ft + 2ty ft & + % 2 ft = i> (ft + *ft) • (16) 

Multiplying both numbers by F.ftft and taking scalars, we find 

S.ftft^ft + 2^-ftft^ft + tS.pj&tPt = 0, • (17) 

a quadratic in £. There are no more than two values of £ which satisfy (17). 
If there are three points, p lf p 2 , p 3 , mutually orthogonal and such that 

then upon the line joining any two of them there lie three points of inflection. 

It may be noted, to begin with, that <?> Pi p 2 is orthogonal to both p x and p 2 , 
since S.p&^p* = #-p#hPi = Pi^Pi = ° 5 and 

S. p2^> Pl p2 = #• Pl^p.pZ = P»S. plp 2 = . 

It follows that 

. , *P,P» =/sp3; ) 

and in the same way, >- (19) 

♦p 2 P3 = /ipi 5 4>p 8 pi = /2P2 • ) 
13 



130 Chapman : Application of Quaternions to Projective Geometry. 

Moreover, since 
we must have 

ftf=M=A$> (20) 

Let a number * = xo x + yo % + ap 3 be formed, and let us inquire if there is a 
number A,p a + ^p 2 such that 

<?><Ap 1+w > 2 )tf=0; 

that is, if a4> Pi 7 + /j.<p H r = . (21) 

Equation (21) gives the vector equation 

X (agtyh + yf s p 3 + z/ 2 p 2 ) + p (a/ 3 p 3 + #p 2 p 2 + a/^) = , 

which yields the three scalar equations 

%£%>! + (izfi =0,\ 

Wa +WP»=oS (22) 

Xyfs + fix/s =0.) 

These equations are consistent if -&- satisfies the cubic 



= 0, (23) 



ftp, X/ 2 
M/s Vs 

or — M = ftVi/i > 

whence p _ «/K7i . _ "/W». ^ »M , 24 n 

X- V^A' a V^' W V^> ( 24 ) 

where o 3 = + 1 . 



We may for brevity denote these values of -^- by 

— C , — d)C , — 6) 2 C , 

Wh6re C =</M. ( 25) 

Pa/i 
Equations (22) give now 

jL = _JLA-. JL = _A A 
a A p ' a jtt p z ' 
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and we obtain for t the three values 



f 1 / 

Ti=+ c i>i^+^ ~fj* +p*' 

f w 2 f 

r 3 = + o*c^ Pl + ~^-p 2 +p 3 . 



(26) 



(27) 



ft '" « A 

The corresponding values of ylp a + pp 2 are proportional to 

ft = pi — cp 2 ; 02 = pi — «cp 2 ; 3 = pi — 6> 2 cp 3 . 

If/?!, /? 2 , /? 8 are on the cubic, they are points of inflection, since they have 
the characteristic property of points of inflection. 
If 0! is on the cubic, we must .have 

This yields the equation 

S. (pi — cp 2 ) (ftpi — 2c/ 3 p 3 + Jpgp,) = , 
or Pipi — c 3 p 2 pl = 0. 

Substituting the value of c from equation (25), this becomes 



(28) 



bp!-^w! = o. 



Whence 



/ipi-/«pj=0, 

which is known to be true by equation (20). In a similar way it may be 
shown that 2 and 3 are on the curve. Hence the theorem is proved. 
Under this hypothesis we have 



S-P&hPi _ /ipi — "/2P2 _ 1 — Q 



^^ 2 -/Tpf^!^-^-^=- w ' b y aidof ( 20 )5 

and the value previously found for 3 , that is, 
becomes 

03 = 01 + "02 = Pi — Cpg + 0) (pi — OCp 3 ) = (1 + a) p! — 0(1 + <•>*) p 3 



: — o^i 4- cop 3 = — 6) 2 pj + cup 2 : 



6) 



(pr— co) s p 2 ). 
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This value of /? 3 differs only by a constant factor from that found in equation 
(27) ; the results found so far are therefore consistent. 

We had in equation (12) 

_ S.^fafa 
w = - 

which, in terms of p 1} p 2 , p 3 , becomes 



w 



A i /. 



Pi 



i 



S.t-it^i ' 




A_ J_A 


i 


Pi c Pi 




A <j 2 A 


i 


pi c Pa 




1 — oc 





A 





<rpt 



7i(l + 2o)' 



c Pz 
1 — c 

1 — ac 

With this value of w we have 

which differs only by a constant factor from the value of t 3 found in (26). 
Arrived at this point we may now observe that taking 

p 2 = «/?!+ vfa, 

and c an undetermined scalar, it is possible to put fa and fa in the form 

* = £=*=*-*, } 



(29) 



(30) 



^ 2 X« — tt# 



(31) 



Pi — 6)Cp 2 . 



For, from the second and third members of equations (31), we find as a possible 

system of values, 

a 1 ^ 

*=-= • ^ = T^> ! 

(32) 



a 



u 



_ —1 _ 1_ J 

— e(l— o)' V— C(l— 0))'j 



The arbitrary constant c may be so chosen that 

s.fa^fa- °' 

and then from equation (13') we find 

& = & + "&. 



(33) 
(34) 
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which, by virtue of (31), becomes 

P% = — — (pi — aa»pi) , (35) 

which differs from the value of /? 3 in (27) only by the factor a — 1. 

The condition 8. p^ = , 

which takes the form 

ft + <**$ + aS.PiP, = 0, (36) 

TB 
and does not contain c explicitly, may be satisfied if -Jtrr be properly chosen. 

Let p 3 be a number satisfying the conditions 

S. Ol p 3 -0, S.p z p 3 = 0, (37) 

then pn p 2 , p 3 form an orthogonal system. 

We next notice that owing to the conditions 

S-*&p,Pi=0, S.p i! p h P l =0, (38) 

we may write 

and similarly, fyA = 9* V -*A> \ ( 39 ) 

The conditions 

*fc*i = ***» — tort = ( 40 ) 

yield three other vector equations. 

Two more scalar conditions can be obtained from the fact that we must 

^^ B~B ^Mlh B I 

Pi — Pi a R rh R Ps 



S.p^Ps 

P»=P.- 
whereas equation (34) gives 



and r — r S-P&fifit a 



(41) 



Pi^Ps — aPt, ) 

ft=i-(ft-A).} < 42 > 

The expressions for /? a in (41) and (42) can differ only by a factor, and we 
conclude that 



A-<A = .(A-|if&|A)i 



134 Chapman: Application of Quaternions to Projective Geometry. 

Similarly, S-P&hPt _ , / , ,>> 

We shall now put tTj, t 2 , r 3 in the forms 

*i = aJipi + a*p 2 + a^ I 

*2 = 2/ipi + 2/zpa + 2/3ps . > (45) 

*B = %Pl + %p2 + 2 3p3. * 

and equations (39) become 

♦p,Pi+ ^Ps — 2c ^ Pl P0 = [— ( c *i +a3 2 )T 7 '.p 1 p 2 +«3^f3pi + 0x37^^3]^, "J 
4>P,pi+ rfc^pz — 2G)c4> P] p 2 = [— (oc^+ya) 7.pip 2 +2/3 7.p 3 p 1 +ae?/ 3 7.p 2 p 3 ] g t , > (46) 
<?> Pl pi + "c 2 4> Pa p 2 — 2o 2 c4> P] p 2 = [— (u 3 cz 1 +3a)7.p 1 p 2 +s 3 7p 3 p x +6) 2 cz s F.p 2 p 3 ] gr 8 . J 

"While from equations (40) we obtain 

atf>P,Pi — cx 2 4> P!1 p 2 + (a% — cx 2 ) $ Pi p 2 + a 3 ^ Pi p3 — cx 3 p Pa p 3 = , \ 

y&npi — » c 2/2<l>p 2 p2 + (y» — «cyj) $ Pl p 2 4- Mv.ps — «c^ P2 p 3 = , V (47) 

a^ftpi — <->H$> Pa p2 + (zg — oH) 4>p,P2 + ^.ps — "H<?> Pa p3 = . ) 

The fact that ^As, 4>p 2 A. <fo,A are respectively multiples of 7.Tyr 2 , 7.<r 2 r 3 , 
Y.Vjtx leads to the three following vector equations, in which h lt \, h 3 are 
scalars : 

^p.pi — ( c + 00) $ P] p 2 + <oc>p 2 p 3 

= [(«#«— »a2/i) 7pip 2 + fay*— «s2/a) 7p 2 p 3 + (*«&— ^1^3) 7 pspi] ^1. 

$P,Pl — ( aC + rf G ) ^P,P2 + C ^P„p2 

= 1(3/ a — y&) 7pip 2 + (y 2 2 3 — 1/3%) v - P2P3 + ta — ^a) 7 p F pi] h , 

4> Pl pl — (« 2 ° + C ) 4»P 1 P2 + « 2 C 2 4) p2 p 2 

= [(^2 — z z x i) 7pip 2 + (% — 2 3 a; 2 ) 7p 2 p 3 + (zgXj, — z&s) 7.p 3 px] h 3 . . 
There will be no loss of generality by making 

»3 = 2/3 = 2 s = 1 ( 49 ) 

in these equations. After doing this, multiply the first of equations (47) by 1 , 
the second by a and the third by « 2 and add the results. By this process is 
obtained the vector equation 

$ Pl pi fa +S*yi + <>\) — $P,p2 fa + »'y» + «fc) c j . 

+ 4>P,P2 I>2 + <■>#! + <A — C (»! + G)Vl+ ««l)3 = ° ' J 



(48) 
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which yields the three scalar equations, 

x 2 + 6) 2 r/2 + «z 2 = 0, V (51) 

#2 + a Vz + <">% — c («i + «*Vi+ wz; i) = , ) 
unless in the exceptional case when 

If we add the three equations (46), the sum of the left members is 3^> Pi p!, 
which is also the sum of the left numbers of (48); we may therefore equate the 
right members and thus obtain three more scalar equations : 

— 9i (pxi + as») — 9% (« c 2/i + V%) — 9s (»H + z s) 1 

= ^i fay% — «Wi) + h (y&i — y%zi) + h fa& — wO » I / 52 x 

9i + 9% + 9% = *i (a* — 2/2) + ^2 (2/2 — %) + ^s («fi — a%) . I 

G9i + "<# 2 + o 2 cg 3 = A x (2/1 — Xi) h («i — yi) + ^3 («i — %) • J 

Again in (47) and (48) multiply the first, second and third equations in each 
group respectively by I, a, a 2 ; add and compare results. Three other scalar 
equations are obtained — 

— <o#! (cx x + sr t ) — <aty, {acy 1 + y % ) — g 3 (oH + z z ) -\ 

= h (»i2/a — a^i) + <>K (j4 z 2 — y««i) + w% 3 (^ajg — s^) > I .^ 
<■>#! + a?g 2 + 9a = h (»2 — 2/2) + <^2 (2/2 — %) + <Ai (z 2 — a 2 ) , | ' 

ca^i + cg 2 + ^ 3 = \ (y 1 — arO + ah fa — 2/i) + <Aj K — «i) • J 

Finally, using w 2 , w , 1 as multipliers, adding and comparing, we derive three 
more scalar equations : 

«Vi ( c *i+ «*) + ^2 («c«/i + 2/2) + 9% (« 2c % + z 2) ] 

= 2^ (xflz— x^i) + 2o 2 ^2 (yi%—y#i) + 2wA 3 (%» 2 — ■%) , I 

— "Vr-."^— #3= 2A x (a; 2 — y,) + 2gM 2 (y, — a 2 ) + 2a>A 3 (z 2 — a*,) , | 

— 6> 2 c#i— 6) 2 C# 2 — 6) 2 Cgf 3 = 2A X (y x — Xx) + 2o% 2 (Zx — y^j + 2wA 3 (»! — %) . J 

Equations (51), (52), (53), and (54), twelve in number, enable us to deter- 
mine eleven of the unknown quantities 

*i. 2/i. 2 i> 
Xi, y 2 , « 2 , 

s'ii g*> 9z, 

in terms of the twelfth one. 
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To obtain the complete solution of these equations, which we know to be con- 
sistent, is apart from the present purpose. It will suffice to know a single system 
of values of the unknown quantities, and, taking a hint from equations (26), let 

us inquire if 

x x = ca x , y 1 = cgxxj , z x = cwVt , ) 

a* &> 2 a» wa 2 r v 55 ) 

where a 1 and a 3 are to be determined, are possible forms for these quantities. 
Substituting them in equations (51), the first two are identically satisfied, while 
the third becomes 

^-3^=0, 

c 1 ' 

or a z -=G % a lt (56) 

as we should have expected from equation (25). The last two equations in (52), 
(53) and (54) become respectively 

9i + 9% + 9% =- «i [*i (o — 1) + h (« s — o) + h 3 (1 — w 3 )] , | 
9l + <*, + afa = ~ \Jh (1 - " 2 ) + », (o> 2 - o) + *, (» - 1)] , f (52 ° 

<->#i + <-> z 9s + 9s= «i [Ai (a — 1) + K (1 — « 2 ) + h (a) 2 — o)] , ') 
*gi + 9 i + »'9s = ~lh(l-<»*)+?h(l-a z ) + h 3 (l- a *)'},§ (53 ' } 

2a "^ 

— (atyi + «y» + 9s) ~ -J- Uh (1 — " 2 ) + h (« — 1) + ^ (" 2 — o)] , I (54') 

— w 2 (#i + & + ft) = 2«i [Aj (o — 1) + h (q — 1) + A 3 (a — 1)] . J 

The values of gr ls . . . . , h 3 can now be found from equations (33), (43) and 
(44), together with 

— a^^s — ht V.r t r, j- (48') 

From equations (33) and (46) we find 

_ a _ 9i (™s — <->c«s 3 ) _ _ g x 

g z {acy 3 — cy 3 ) g 3 *> > 
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From (43) and (46), together with (35), 



a* = = + o — 

1 . 9» 



(59) 



From (44) and (46), 



1 = 



6) 



of 



r 9% (<*% — »c%) 



-g 3 (a 2 cz 3 — cz 3 ) 



— —gi{<xc t — a*cx 3 ) 

6) 



= + o 2 



11. 

9x 



(60) 



Equations (58), (59), (60) are consistent without regard to c; we have 
therefore 



From (48') we find that 



9i 9i 



■ a. 



7 _ &&fo,fo — ffi (ca; 3 — 6)cx 3 ) 



tf. /for, ar#, — y 2 x 3 + c {x<y 3 — x^) 

L h= S. &», jg, = ~ j- g ^ ~ ^ 



(61) 



_1_ _ SJ3tf>J3s _ 



a 



jr ^3 ("H — c%) 



6) 



S.@jt 3 *i 



or more simply, 



— [z 2 ^3 — «V% + " 2c (21*3 — 2s»i) 



*2 — ^8 + c fa — y x ) ' 

h -- —92 ca ( a — 1 ) 
s y 2 — z % -\-ac(y 1 — z x )' 

^ _ ftc (g + l)(o — 1) 

3 Z 2 — JCg + 6) 2 C (»! — Xj) ' 

By substituting here the values (55) assumed for x lt 



h = 
h = 



h = 



g^jl—o) 
3a 2 ' 

— gr 2 C 2 (cJ— l)G) a > 

3a% 
g 3 c 2 (a — l)o 
3a» 



14 



, 2 2 , we have 



(62) 
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We conclude that 

a 2 "1 G It \ 

— - = -3-(l— °)» 



c 01 

C 01 ~~ 



r- (o — 1) a = -~- 6) (1 — o) , 



3 

c 



■v^ = -T" 8 ("- 1 ) = -i»'( 1 -")- 



(63) 



With these values, equations (52'), (53'), (54') are all verified, provided that we 

impose upon c the condition 

o = l. (64) 



This leads to the conclusion that, equation (56), 

#i == a%, 
while g x is undetermined. We have thus 

= 3a:( 1 - 6) )' 



(65) 



01 

^2 
01 



= ^7"( 1 - 6) )> 



3a, 



— = "^ — oil — a) . 



(66) 



By these values of g % , h 3 , c, the first equations of (52), (53) and (54) are 

reduced to identities without regard to the values of g x and a 2 . 

Let us now return to equations (46) and add them together, keeping in 
mind the values found for the scalar coefficients. We thus obtain 

<fr> 1 pi = 0i y '-p2p3- ( 67 ) 

Again add them, after multiplying them in order by 1 , o , o 8 , and we have 

4> P . i p 2 =0i7'-f>3pi- (68) 

Finally, multiply by o a , o, 1 and add, the result is 

^ Pl p2 = «20iT r -pipa- (69) 

Adding equations (47) and using (68), we find 

<Z> Pl p3 = «2<?>p 9 p2 = <*20i V. pspi • (70) 

Multiply equations (47) in order by 1, o 2 , o and add. This gives 

4>P 2 P3 s= «24» Pl Pl = «201 V- p2ps • (71) 
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and that consequently 



From (70) and (71) we learn that 

^•pl<?>P3p3 = #-p2<?>p 3 p3 = , 

4>p 3 p3 = *l 7 '-pip2- (7 2) 

Since V.^p-z, F.p 2 p 3 , F.p 3 p x are respectively proportional to p 3 , p lt p 2 > the exist- 
ence of three numbers having the property defined by equations (18) is demon- 
strated. The points p lf p 3 , p 3 form a triangle upon each side of which lie three 
points of inflection. Their affixes are given by the following scheme : 

ft = Pi~ Pa, 
ft = Pi~ «P2> 

ft = — — (pi — «'p2) ' 

on the side joining p l and p 2 . 

y 1 = p2 — ps, 
y 2 = p 3 — 6)p 3) 

y 3 = — — (p 2 — w 2 p 8 ), 



W' 



on the side joining p 2 and p 3 . 

^i = P3 — Pi. 

^2 = P3 «Pl, 

5 3 = - — (p 3 -6) ; 

on the side joining p 3 and pj. 

We find by solving these equations that 

pi = MA + ft — <■>&), 
p2 = £ (/i + 72 — "/s) . 
Pa = i (^i + 4 — <*$s) • 

It is to be concluded that when the arrangement of the points of inflection 
on the sides of a triangle is known, the affixes of the vertices will be given by 
equations similar to (73), and those affixes will have the properties given in 
equations (18). It follows that the equation 

<2>„p = xp (74) 

has at least twelve solutions which fall into four sets with three members in a set. 



(73) 
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In equation (72) the scalar x is undetermined, but its value is easily found. 
There is a number a x = 7p x + <mo % + np 3 which satisfies the equation 

<Mi=0. (75) 

This gives us without difficulty, since y x = p 3 — p 3 , 

la^gi — nx = , \ 

m — fo 2 = 0,l (76) 

n — m = 0, ) 

whence « = g 1 . (77) 

The equation of the cubic referred to the triangle p x , p. 2 , p 3 takes the form 

x 3 + y 3 + z 3 + &a % xyz = , (78) 

and we conclude that a 2 is the absolute invariant of the ternary cubic* 
From equations (67), (68), (72) we have 

S . pl<?V,pi = S ■ P2^p a P2 = $• P3<fr>sP3 = 9i$ • P1P2P3 • ( 7 9 ) 

Taking a = xp t , /? = ya % , y=zp 3 , we shall have 

4v.pi = -# *.« = yi ^ p a p3 = -^ v -Py> 

whence ^ = ^7.^, 

and similarly, ^ = M_ S F . ya , 

It will be seen that any one of the choices 



♦*=*£*<*• 



(80) 



x, y = ax, z — q 2 x, 

x, y = a 2 x, z = ax,y (81) 

x, y = x , z = x 

preserves the property of equations (79), 

S.a^a — S.PQffi — S-y$yY- (82) 

Johns Hopkins University, December SO, 1891. 

* Cf. Clebsch, Vorlesungen, p. 510. 



